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Abstract
In 1952, J.H.Braun claimed to have established a formula giving a
lower bound for certain partitions of sets of integers into weakly sum-
free classes. However, no proof or supporting construction was published
at that time.
In today’s terminology, that claim was equivalent to giving a formulaic
lower bound for the weak Schur number WS(s). WS(s) is the maximum
number such that there exists a weak Schur partition of the integers from
1 to WS(s), into s subsets. In a weak Schur partition of a set of integers,
there can be no three distinct members a, b and c in any subset, such
that a+ b = c.
An iterative construction described in this paper results in a similar
formulaic lower bound. Although different from that given by Braun, it
reproduces the result WS(6) ≥ 554 implied by his formula, and exceeds
it for all larger values of s. Various starting points can be used as a basis
for the iterations.
This result itself is no longer remarkable: it has been proven elsewhere
that WS(6) ≥ 572. Even so, it is hoped that the formula and its under-
lying construction may nevertheless be of interest to those interested in
weak Schur partitions and/or the closely-related linear Ramsey graphs.
The paper notes that a partition in 7 colours of order 1825 has been
produced by other means, proving that WS(7) ≥ 1825.
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1 Introduction
This paper originated from attempts to create an iterative construction of weak Schur
partitions, which might then be shown to underlie the formula of J.H.Braun, published in
1952, in [4]. Interestingly, an exact recreation was not achieved – although the result is
satisfactory, equalling one of Braun’s results, and surpassing his formula as the number of
subsets in the partition increases.
The construction set out below has some elegant aspects, but overall it is not effective in
producing very large examples of weak Shur partitions - relative to more modern methods
such as those of [1] which do not depend on strict repetition. However, it may shed some
faint light on Braun’s claim.
Notation is defined in section 2.
In section 3, it is proved that, starting from a single specific graph, a series of graphs
can be constructed and proven inductively to underpin a formula for WS(s) applicable for
all s ≥ 3.
In section 4, some very brief conclusions are drawn.
2 Definitions and Notation
In this paper:
If the set S of integers 1, 2, 3, . . . , n can be partitioned into s disjoint non-empty subsets
Si for i = 1, 2, 3, . . . , s, where no subset contains three distinct integers a, b, c, such that
a + b = c, then each such subset is weakly sum-free and that partition is a weak Schur
partition. The order of the set S is n: it is also referred to as the order of the partition,
and may be written as | p(s) |. Such a partition p may be denoted by p(s;n), or where the
order is indeterminate or obvious, simply written as p(s).
For any s, WS(s) is the maximum value of n such that a weak Schur partition p(s;n)
exists. WS(s) is known as the weak Schur number, and its existence is established by
Ramsey’s Theorem.
3 Iterative Construction of Weak Schur Partitions
Theorem 3.1 (Iterative Construction Theorem)
There is a weak Schur partition of the integers 1, 2, . . . , 21 into 3 subsets. Starting from
that partition, it is possible to construct an infinite sequence of weak Schur partitions p(s),
with | p(s+ 1) |= | 3p(s) | −1.
The theorem depends on a fairly simple construction process and an inductive proof.
Proof:
The conditions for the induction are as follows:
Condition 1: The partition p(s) is a weak Schur partition with subsets Si for i = 1, 2, 3, . . . , s.
Condition 2: There is no pair a, 2a, both members of any subset Si such that a > 4.
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Condition 3: p(s) has the two additional special properties, that S1 ∪ {| p(s) | +2} is also
weakly sum-free, and that | p(s) | is not a member of S1.
Assuming these conditions are true for p(s), we can now define the subsets S′
i
of the
partition p(s+ 1) by reference to the subsets Si.
To ease notation, write m =| p(s) | and m′ =| p(s+ 1) |.
Firstly, let S′1 = S1 ∪ {m+ 2} ∪ {2m+ 2} ∪ {3m+ 4− a | 4 < a ∈ S1}.
Then for each other Si, for 2 ≤ i ≤ s, let S
′
i
= Si ∪ {3m+ 4− a | 4 < a ∈ Si}.
And lastly let S′
s+1 = {m+ j | j = 1, 3, 4, . . . , (m+ 1), (m+ 3)}.
It is simple to verify that this partition is well-defined, and is of order 3m− 1.
We now prove there can be no ’forbidden sum’ in any of the subsets S′
i
of p(s + 1) - that
is, no sums a+ b = c, where either a 6= b or a = b > 4. This will establish that Condition
1 and Condition 2 are both true for p(s+ 1).
We start with S′1.
Firstly, we note that the absolute difference between integers (m + 2), (2m + 2) ∈ S′1 is
equal to m /∈ S′1, so that any forbidden sum in the new partition can involve at most
one of them. However, there is no a ∈ S′1 such that a + (m + 2) ∈ S
′
1, and therefore
there is no b ∈ S′1 such that b − (m + 2) ∈ S
′
1. Moreover, there is no a ∈ S
′
1 such that
a + (2m + 2) ∈ S′1. If there were, then by the (slightly incomplete) symmetry of the
construction, (3m + 4) − (a + 2m + 2) = (m + 2) − a ∈ S′1, which we know is false, by
Condition 3. It follows that there can be no b ∈ S′1 such that b− (2m+ 2) ∈ S
′
1. We have
thus proved that neither of (m+ 2), (2m + 2) is involved in a forbidden sum.
Suppose now that there is a forbidden sum in any S′
i
, for i ≤ s, then there are two cases.
In the first case, assume it is of the form a+ b = c where c > 2m+ 3. Then we know that
a 6= b, and one of those (b, say) is also greater than 2m+ 3. If we take the complement of
both b and c with respect to 3m+ 4, then 4 < 3m+ 4 − b ∈ Si and 4 < 3m + 4 − c ∈ Si.
However, the absolute difference between these complements is still a, and since both are
greater than 4, neither of them can be equal to twice the other. This is a contradiction of
Condition 1.
In the second case, if c ≤ 2m+ 3, then we know that c ≤ m. If a+ b = c, by Conditions 1
and 2, any sum must be of the form a+ a = c with a ≤ 4.
It easy to verify that S′
s+1 is (strongly) sum-free. Thus we have proved that Conditions 1
and 2 are true for p(s+ 1).
Now note that 3m− 1 ∈ S′2, i.e. 3m− 1 /∈ S
′
1. Since m
′ + 2 = 3m+ 1, it only remains to
prove that S′1 ∪ {3m+ 1} is also weakly sum-free.
Again we proceed to a contradiction. If there existed a, b ∈ S′1 such that a + b = 3m + 1,
then as before, one of them (b, say) would be greater than 2m + 1. If so, then taking
the complement of b and 3m+ 1 with respect to 3m+4 would produce two numbers with
absolute difference a, both members of S1, and both greater than 4. This final contradiction
proves the induction, for all s ≥ 3.
Now we consider a specific partition p(3), for which we write:
p(3; 21) = {1, 2, 4, 8, 18} ∪ {3, 5, 6, 7, 19, 20, 21} ∪ {9, 10, 11, 12, 13, 14, 15, 16, 17}.
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It is easy to demonstrate that this is a weak Schur partition, noting that in the third set
listed above there are no a, b, c, such that a+ b = c, even where a and b are not distinct.
We note also that {1, 2, 4, 8, 18}∪{| p(3) | +2} = {1, 2, 4, 8, 18, 23} is also a weakly sum-free
set, and that | p(3) |= 21 is not a member of S1. Therefore this p(3; 21) satisfies all the
inductive conditions, and this observation completes the proof.
✷
The recurrence relationship implied by this theorem is that | p(s+ 1) |= 3 | p(s) | − 1.
That formula implies WS(4) ≥ 62, WS(5) ≥ 185, WS(6) ≥ 554, and WS(7) ≥ 1661.
Examination of the Braun formula indicates that it will produce inferior lower bounds on
WS(s) for all values of s > 6.
The weak partition into 6 sets mentioned in [1] is of order 572, and exceeds the current
result. Both of them exceed the strong partition of order 536 achieved by Fredricksen and
Sweet, mentioned in [2]. Disappointingly, perhaps, the strong partition into 7 sets, also
mentioned in [2], has order 1680, exceeding the order of the weak partition produced here.
On a more positive note, this author has produced a partition of order 1825 in 7
colours, using methods similar to those in [3], and starting from partition p(4) in the series
constructed above. By the same method, one can establish the existence of a series of weak
Schur partitions with known order, for all higher values of s.
4 Conclusions
The results of this analysis are of largely historical interest, but nevertheless indicate the
extent of the achievement of J.H. Braun in producing his remarkable formula in 1952. It
seems quite likely that he would have used an iterative approach such as that described
above, although one cannot be sure, and the precise basis for his result remains a mystery.
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